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For any closed connected orientable 3-manifold M , we present a method for constructing
inﬁnitely many hyperbolic spatial embeddings of a given ﬁnite graph with no vertex of
degree less than two from hyperbolic spatial graphs in S3 via the Heegaard splitting
theory. These spatial embeddings are adjustable so as to take cycle subgraphs into speciﬁed
homotopy classes of loops in M .
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1. Introduction
There had been several approaches to the problem of constructing inﬁnitely many hyperbolic spatial graphs in a given
3-manifold. Myers [9] proved that every connected closed 3-manifold contains inﬁnitely many hyperbolic links in the ribbon
concordant class of a given link L. Myers’ approach provides a method for constructing an inﬁnite sequence of hyperbolic
links by attaching ribbon arcs to L using hyperbolic tangles. The author [4] proved that, for a given integer χ  0, every
connected orientable closed 3-manifold M contains inﬁnitely many hyperbolic spatial graphs consisting of the components
of Euler characteristic χ , which are obtained from a hyperbolic spatial graph in S3 via the Lickorish–Wallace theory [6,13].
In this paper, we provide a method for constructing inﬁnitely many hyperbolic spatial embeddings of a given ﬁnite graph
G with no vertex of degree less than two into M from a speciﬁc hyperbolic spatial graphs in S3 via the Heegaard splitting
theory. Moreover, these spatial embeddings are adjustable so as to take simple closed paths on each component of G
representing a generating set of the fundamental group into speciﬁed homotopy classes of loops in M .
Let M be a compact connected orientable 3-manifold, and G a ﬁnite graph. We see G as a geometric simplicial complex,
and denote by |G| the underlying topological space of G . An embedding of |G| into M is called a spatial embedding of G
into M , or simply a spatial graph G in M . We say that G is planar if it lies on a sphere embedded in M . Moreover, we say
that G is hyperbolic if the exterior E(G) = M − intN(G), where N(G) is a regular neighborhood of G in M , is an irreducible,
atoroidal, anannular 3-manifold with incompressible boundary. It follows from the Thurston’s hyperbolization theorem [8]
that E(G) admits a complete hyperbolic structure of ﬁnite volume so that the toral components of ∂E(G) correspond to
cusps and the others are totally geodesic surfaces.
The goal of this paper is to prove the following theorem:
Theorem 1.1. Let M be a connected orientable closed 3-manifold, and G a ﬁnite graph with no vertex of degree less than two. Suppose
that G has n components G1, . . . ,Gn, and that each π1(|Gi |) has a generating set represented by simple closed paths Ci,1, . . . ,Ci,νi .
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Fig. 2. ΓG,g .
Then for any conjugacy class Ai, j of π1(M) given for each Ci, j , M admits inﬁnitely many hyperbolic spatial embeddings of G, each of
which is constructible from hyperbolic spatial graphs in S3 by pasting the exteriors so that each Ci, j represents Ai, j .
This paper is arranged as follows. In Section 2, we present a method for constructing an inﬁnite sequence of spatial
embeddings of a ﬁnite graph consisting of bouquets into a connected orientable closed 3-manifold. In Section 3, we prove
Theorem 1.1 by showing that the spatial graphs obtained in Section 2 are hyperbolic, and that inﬁnitely many of them are
not pairwise ambient isotopic.
2. Constructing spatial graphs in 3-manifolds
Let M and G be as stated in Theorem 1.1. Assume that every Gi is a bouquet Ci,1 ∨ · · · ∨ Ci,νi of circles Ci,1, . . . ,Ci,νi .
This section provides a method for constructing an inﬁnite sequence of spatial embeddings of G in M . The resulting spatial
graphs play an important role in the proof of Theorem 1.1.
A θk-curve is a graph consisting of two vertices and k edges each connecting these vertices. Let Θk be a spatial θk-curve
in S3 consisting of vertices v1, v2 and edges e1, . . . , ek , as illustrated in Fig. 1. Paoluzzi and Zimmermann [10] proved that
Θk is hyperbolic if k 3. Ushijima [12,3] showed that Θk is a k/2-fold cyclic branched covering of a strongly invertible knot
in S3. Suzuki [11] showed that any proper subgraph of Θk is planar. An example of a planar subgraph of Θk is illustrated
in Fig. 1.
It follows from the Moise’s triangulation theorem [7] that there is a two-sided closed surface F embedded in M , called a
Heegaard surface for M , which splits M into two handlebodies. We may assume that F has genus g > 0. Let ν =∑ni=1 νi . We
are going to construct spatial embeddings of G in M from Θ2ν−n+g+1, Θ2ν+2g , and Θν+g+1. The process of the construction
is divided into the following four steps.
Step 1. We deform Θ2ν−n+g+1 in S3 as follows. Suppose that Θ2ν−n+g+1 consists of edges e1, . . . , e2ν−n+g+1 and vertices
v1, v2, as illustrated in Fig. 1. It follows from [11] that the subgraph P1 = e2ν−n+1 ∪ · · · ∪ e2ν−n+g+1 is a planar θg+1-curve.
Let λ0 = 0 and λi = ∑ik=1(2νk − 1) for 1  i  n. We consider the subgraphs Ei = eλi−1+1 ∪ · · · ∪ eλi for 1  i  n. Then
Θ2ν−n+g+1 = E1 ∪ · · · ∪ En ∪ P1. Take an interior point ui of eλi . Deform each Ei with νi > 1 to a spatial graph E ′i by sliding
each of the edges eλi−1+1, . . . , eλi−1 so that one of the endpoints goes along eλi from v2 to ui . Then we obtain a spatial
graph ΓG,g = E ′1 ∪ · · · ∪ E ′n ∪ P1, as illustrated in Fig. 2. Note that each E ′i meets the genus g handlebody E(P1) in a star
graph of order 2νi .
Step 2. We deform Θ2ν+2g in S3 as follows. Suppose that Θ2ν+2g consists of edges e1, . . . , e2ν+2g and vertices v1, v2, as
illustrated in Fig. 1. It follows from [11] that the subgraphs P2 = e2ν−1 ∪ · · · ∪ e2ν+g−1 and P3 = e2ν+g ∪ · · · ∪ e2ν+2g are
planar θg+1-curves. Take interior points w1 and w2 of e2ν−1 ⊂ P2 and e2ν+g ⊂ P3 respectively. By sliding each of the edges
e2ν, . . . , e2ν+g−1 of P2 along e2ν−1 so that one of the endpoints goes from v1 to w1, P2 is deformed to a planar θg+1-curve
P ′2 with a leaf edge between v1 and w1. Similarly, by sliding each of the edges e2ν+g+1, . . . , e2ν+2g of P3 along e2ν+g so
that one of the endpoints goes from v2 to w2, P3 is deformed to a planar θg+1-curve P ′3 with a leaf edge between v2
and w2. Then Θ2ν+2g is deformed to a spatial graph Δ2ν,g consisting of P ′2, P ′3, and 2ν edges δ1, . . . , δ2ν each connecting
P ′ and P ′ , where δi = ei for 1 i  2ν − 2, δ2ν−1 ⊂ e2ν−1, and δ2ν ⊂ e2ν+g , as illustrated in Fig. 3.2 3
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Fig. 4. HG,g,s .
Step 3. We construct an inﬁnite sequence of spatial graphs in M from ΓG,g , Δ2ν,g and Θν+g+1 as follows. Let μ0 = 0
and μi = ∑ik=1 2νk for 1  i  n. Suppose that each subgraph E ′i of ΓG,g meets ∂N(P1) in 2νi points xμi−1+1, . . . , xμi ,
and that each edge δi of Δ2ν,g meets ∂N(P2) and ∂N(P3) in y2i−1 and y2i respectively. We consider Θν+g+1 con-
sisting of edges e1, . . . , eν+g+1 and vertices v1, v2, as illustrated in Fig. 1. It follows from [11] that the subgraph
P4 = eν+1 ∪ · · · ∪ eν+g+1 is a planar θg+1-curve. Suppose for 1  i  ν that the edge ei of Θν+g+1 meets ∂N(P4) in two
points z2i−1 and z2i . Suppose that the Heegaard surface F for M of genus g > 0 splits M into handlebodies V0 and V1.
Take a homeomorphism f0: E(P1) → V0. Let Xi,1 = f0(xi) for 1  i  2ν . Take a homeomorphism f1: E(P2) → V1 so that
f1(y4i−3) = X2i−1,1 and f1(y4i−1) = X2i,1 for 1  i  ν . Let X2i−1,2 = f1(y4i−2) and X2i,2 = f1(y4i) for 1  i  ν . Take
a homeomorphism f2: E(P2) → V2 = f1(N(P3)) so that f2(y4i−3) = X2i−1,2 and f2(y4i−1) = X2i,2 for 1  i  ν , and let
X2i−1,3 = f2(y4i−2) and X2i,3 = f2(y4i) for 1  i  ν . By repeating this process s − 2 times, we obtain homeomorphisms
fk: E(P2) → Vk = fk−1(N(P3)) for 1 < k  s − 1 so that fk(y4i−3) = X2i−1,k , fk(y4i−1) = X2i,k , fk(y4i−2) = X2i−1,k+1 and
fk(y4i) = X2i,k+1. Let Vs = f s−1(N(P3)) if s 2. Take a homeomorphism f s: E(P4) → Vs so that f s(zi) = Xi,s for 1 i  2ν .
Let Γ ′G,g = ΓG,g ∩ E(P1), Δ′2ν,g = Δ2ν,g ∩ E(P2 ∪ P3), and Θ ′ν+g+1 = Θν+g+1 ∩ E(P4). Then, for any integer s > 0, the fol-
lowing union HG,g,s realizes a spatial embedding of G in M , as schematically illustrated in Fig. 4.
HG,g,s = f0
(
Γ ′G,g
)∪ f1
(
Δ′2ν,g
)∪ · · · ∪ f s−1
(
Δ′2ν,g
)∪ f s
(
Θ ′ν+g+1
)
.
We may assume without loss of generality that each Ci, j corresponds to the simple closed path in HG,g,s based at
Xμi−1+2 j−1,1 passing through Xμi−1+2 j−1,2, . . . , Xμi−1+2 j−1,s, Xμi−1+2 j,s, . . . , Xμi−1+2 j,1 and f0(ui) in order.
Step 4. We modify HG,g,s by deforming f0 as follows. Suppose that a closed path αi, j on ∂V1 based at Xμi−1+2 j−1,1
is given for each Ci, j . Denote by A the collection of all αi, j . For each αi, j in A, slide the edge of f0(Γ ′G,g) inci-
dent to f0(Xμ +2 j−1,1) once around αi, j . Suppose that f0 is deformed by the induced isotopy to a homeomorphismi−1
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HAG,g,s = fA0
(
Γ ′G,g
)∪ f1
(
Δ′2ν,g
)∪ · · · ∪ f s−1
(
Δ′2ν,g
)∪ f s
(
Θ ′ν+g+1
)
.
Note that HAG,g,s also realizes a spatial embedding of G into M .
3. Proof of the main theorem
The following proposition is useful for constructing hyperbolic 3-manifold by pasting hyperbolic 3-manifolds along sur-
faces on the boundaries.
Proposition 3.1. (Myers [9]) Let M be a compact connected 3-manifold with non-empty boundary, and F a compact surface of negative
Euler characteristic properly embedded in M. Then M is hyperbolic, if so is the 3-manifold obtained by splitting M along F .
Proof. See Proposition 2.2 in [4]. 
The Haken’s ﬁniteness theorem [1] states that, for any compact 3-manifold M , there is a bound on the number of
disjoint, non-parallel, incompressible and boundary-incompressible surfaces properly embedded in M . The Haken number of
M is the minimal such bound (see [5]).
Proof of Theorem 1.1. Take a vertex ui, j of each closed path Ci, j . Slide every edge which meets Ci, j in one or two endpoints
so that the endpoints go along Ci, j to ui, j . By repeating this process for all Ci, j in order, Gi is deformed to a graph consisting
of Ci,1, . . . ,Ci,νi and a tree Ti connecting them. Then, by collapsing Ti to a point, we obtain a bouquet Ci,1 ∨ · · · ∨ Ci,νi . It is
easily veriﬁed that any spatial embedding of G into M can be deformed similarly to a spatial embedding of Ci,1 ∨ · · · ∨ Ci,νi
so that the homeomorphism class of the exterior is preserved. We may therefore assume that Gi = Ci,1 ∨ · · · ∨ Ci,νi for
1 i  n.
We assume the setting of Section 2. For any integer s > 0, let HG,g,s be a spatial graph in M obtained by the technique
presented in Section 2 so as to realize a spatial embedding of G into M . Since the Heegaard surface F splits M into
handlebodies V0 and V1, π1(M) is a free product of π1(V0) and π1(V1) with amalgamation of π1(F ) (see [2]). Therefore,
π1(M) is generated by closed paths on F . Suppose that each Ci, j is based at Xμi−1+2 j−1,1. Then each Ci, j is homotopic
relative to Xμi−1+2 j−1,1 to a closed path γi, j on F based at Xμi−1+2 j−1,1. Suppose that each Ai, j is represented by a closed
path γ ′i, j on F based at Xμi−1+2 j−1,1. Denote by αi, j = γ ′i, jγ −1i, j the product path of γ ′i, j and γ −1i, j , and by A the collection
of all αi, j . Then the spatial graphs HG,g,s are modiﬁed to HAG,g,s in M as in Section 2. Note that the surfaces ∂V1, . . . , ∂Vs
appeared in the process of constructing HAG,g,s respectively meet E(H
A
G,g,s) in surfaces F1, . . . , Fs of Euler characteristic 2−
2g − 2ν < 0, which split E(HAG,g,s) into s+ 1 hyperbolic manifold pieces homeomorphic to either E(Θ2ν−n+g+1), E(Θ2ν+2g)
or E(Θν+g+1). Therefore, the s times application of Proposition 3.1 to each step of the converse gluing operation implies
that HAG,g,s is hyperbolic. Moreover, each Ai, j is represented by the simple closed path in H
A
G,g,s corresponding to Ci .
It remains to show that the set H = {HAG,g,s | s ∈ Z, s > 0} contains inﬁnitely many spatial graphs. Since the surfaces
F1, . . . , Fs split E(HAG,g,s) into the hyperbolic manifold pieces, these surfaces are incompressible, boundary-incompressible
and non-parallel. Let h(HAG,g,s) be the Haken number of E(H
A
G,g,s). Then E(H
A
G,g,t) is homeomorphic to E(H
A
G,g,s) only
if t  h(HAG,g,s). Hence, H contains inﬁnitely many spatial graphs whose exteriors are pairwise non-homeomorphic. This
completes the proof. 
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